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Solutions

1. Herefollows a setof qualitative questionseachof which shouldbeansweredn
perhaps—15linesof text, possiblyanequationor two andmaybeafigure.

(a) Whatis gyromotion?(1 p)

(b) Whatis the solarwind? (1 p)

(c) The solarwind plasmahasa temperatureof typically 10 eV, i.e. around
100000°C —sowhy doesnt aninterplanetaryspacecraftimmediatelymelt
or burnto ashes®1 p)

(d) Whatis themeaningof the concept'frozen-inmagnetidield”, andin what
circumstancess it appliccable?1 p)

(e) Draw agraphof the electronnumberdensityn, in the Earth'sionosphere
asafunctionof altitude h from groundlevel up to the topsideionosphere.

Explain why ne(h) looks like you have dravn. (The absolutenumerical
valuesof n, arenot soimportant,but you shouldhave reasonablealues

ontheh axis.) (2 p)
(f) Which of thefollowing bodiescanbe expectedio have anionosphere:
i. Venus
ii. theMoon
iii. theMilky Way galaxy



iv. the Wind satellite (orbiting the Earth well outsideEarth's magneto-
sphere)
Motivateyour answerin eachcase.lt is theway you think andreasorthat
is important— a well motivatedbut wrong answemmay be acceptedyhile
ashort”yes” or "no” answercertainlywill not. (2 p)
(g) Draw alarge (useaseparat@aper)andclear sketchof the Earths magne-
tosphereijndicating:
i. Representate geomagnetidield lines,with direction
ii. Representate solarwind flow lines,with direction
iii. Thebow shock
iv. Themagnetopause
v. TheVanAllen radiationbelts

(2p)

Solution:

2. The Clusterspacecrafhave recentlydetectecelectronswith enegiesbetween
100eV and1 keV justinsidethefrontlobemagnetopausef Earthat a distance
of about12 Earthradii from Earth's center The electronswereobsenedwhen
thespacecraftvereabout30° above the (magneticequatoriaplane(d = 60°).

(a) Adoptadipolefield approximatiorandcalculatehemagnetidield strength
atthe Clusterlocation. The magneticfield strengthat the surfaceof Earth
neartheequatoris about30 uT. (1 p)

(b) Theelectronsarefound only for pitch angleswithin +10° aroundthe ge-
omagnetidield directionandarecounterstreaming.e. streamingn both
directionswith respecto the geomagnetidield direction). At what mag-
netic field strengthswill theseelectronsmirror? At what altitudesabove
the Earthsurfacedoesthe mirroring take place?Theradiusof the Earthis
6370km. (3 p)

Solution:

3. Considerthe following model of the magneticfield in the central part of the
geomagnetitail:

—Bgf( , 2< —a
a2 3
B(r) =¢ Box3%:i2= | —a<z<a
Bof( , Z2>a

whereBy = 1 nT, a = 2000 km andthecoordinatesredefinedasin Figurel.
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Figurel: Idealizedgeometryof the relevantpartof the geomagnetitail.
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(b)

Calculatehecurrentdensityj(r) andthemagnetidorcedensityj(r) x B(r)
(magnitudesanddirectionsasfunctionsof position). Also calculatetheir

numericalvaluesatz = 0. (3 p)

Now considerwhat happensf an instability appearsn the region —a <

z < a,—10a < y < 10a, —a < z < a sothattheresistvity in this

region includesdrastically Insteadof flowing throughthis region as be-
fore, the currentnow insteadclosesthroughfield alignedcurrentsandthe
ionosphereHow strong(in units of amperes)will thesefield-alignedcur-

rentsbe?ls thisexamplerelevantfor arny phenomenoin Earths magneto-
sphere?3p)

Solution:

(a) Ampereslaw gives

1
j= VxB. (1)

In the constanfield in theregions|z| > a this obviouslyis zero,while for
theregion |z| < a we get
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Numerically we get
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4)
while thefactorz appearingn theright handsideof (3) obviously ensures

that
j(iU,y;O) X B(Z‘,y,O) =0. (5)



(b) The field aligned currentswill carry all the currentthat initially flowed
throughthe region considered As the currentflow wasin they direction,
thetotal currentis givenby

/ / Jj(z,y,2)dzdz = 2a/ 350 (a®> — 2%)dz =

—a 2#00/3
3By 4a® _ 4aBy
poa? 3 Ko
(Thereis a simplerway to getthis — the surfacecurrent,in unitsof A/m2,
betweertwo regionsof differentbut paralleimagnetidieldsis K = AB/ o,
soin this casewherethe magneticfield changedrom Byx to —Byx we
have K = 2B, /mug; multiplying by theinterval in z, thatis 2a, resultsin

I = 2aK = 4aBy/ e asabove.)

Numerically we get

I

3B ,
= Moa(; [a®z — 2° /3]

(6)
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4. Eachof the four Cluster spacecraftorbiting the Earth with apogeecloseto
20 Earthradii, is approximatelya cylinder of radius1.5m andheightl m, with
the symmetryaxis perpendiculato the directionof the sun. The mantleareas
are coveredwith solarpanels,while the top and bottom sidesare mainly cov-
eredwith athermalblanket. Estimatethe equilibriumtemperaturéin °C) of the
satellitesassumingerfectthermalconductvity within the spacecrafandusing
datafrom Tablel. Also assumeall onboardelectricalsystemsareturnedoff. (3

p)

Absorption| Emission
coeficient | coeficient
Solarpanels 0.80 0.90
Thermalblanket 0.20 0.90

Tablel: Somethermalmaterialproperties.

Solution:

Thespacecraftemperaturavill bedeterminedy thebalancebetweerabsorbed
sunlightradiationpower P, and emittedthermalradiationpower P,. The ab-
sorbedpoweris

P, = Ayaly 1)

wherel, = 1.4 kw/m? is the solarradiationintensity « is the absorbtiorcoef-
ficient,and A, is theabsorbtiorarea.We cannotethatonly the solarpanelsare



exposedo thesunlight,asthetop andbottomsidesdo notseeary sunlightdueto
the satellitesymmetryaxis beingperpendiculato the solardirection. Fromthe
sun,thesatellitedookslik e rectanglewvith heighth = 1 m andsides2r = 3 m,
all of which arecoveredwith solarpanelssothat

Ay = 2rh; (2)

thus
P, = 27'h0«’fs01zaurpame1-[0- (3)

Fromthetable,we seethatall surfaceshave the sameemissioncoeficiente =
0.90. Nothingelseis given,sowe thusassumehatthetotal emissionareais the
sumof the mantle, top andbottomareasj.e.

Ao = 2nrh + 7r® + 7r® = 2mwr(r + h), 4)

sothat
Py = AceoT* = 21r(r + h)eaT™*. (5)

Balancingabsorbedandemittedpower, we get

T— é 2rh (solarpanel 1 o I_O h (solarpanel 1A (6)
~ \ o 2nr(r+h) € ~ \on(r+h) € ’

which oninsertionof numericalvaluesyields

3 ( 1.4-10% 1 0.8

1/4
: =) K=230K=-43°C. (7
567-10-8 7(1.5+1) 0.9) 30 SRS

Note: In reality the thermal blankets stopsmost of the emission,so that the
effectiveemissve areais 2nrh: theequilibriumtemperaturé¢husbecomed 6°C,
whichis furtherincreasedy all electricaldevicesonboard.

5.

(a) When launchinga spacecrafinto circular orbit at altitude h above the
ground, the rocket must do work to increasethe gravitational potential
enegy by someamountAU aswell asto acquirethe kinetic enegy K
correspondingdo this orbit. Derive an expressionfor theratio AU/K as
afunctionof h. In whatcircumstancesanoneneglecteitherAU or K?
3p)

(b) Providing a spacecraftvith a magnetospheref its own, by usingan on-
boardelectromagnefpossiblysuperconducting)s asuggestednethodfor
solarwind sailing. Estimatethe dipole moment(in units of A-m?) needed
to provide aforce balancingthe solargravitation at Earthorbit for a 20 kg
microsatellite. Typical parametergor the solarwind canbe takento be
ne = 5 cm~3 andv = 400 km/s. (3 p)



(c) Istheresultin (b) importantin practice?ls it necessaryhat Fy,;; > Fj if
onewantsto usethistechniqueo travel outwardthroughthe solarsystem?
Explainyour answer (1 p)

Solution:

(a) The gravitational potentialenegy of a spacecrafiof massm orbiting a
planetof massng atdistancer is

U=-gE" + constant, 1)
r

sotheextrapotentialenegy increaseas

1 1

AU = Gmgm (— - —) . (2)
RE r

The orbital kinetic enegy is obtainedfrom the requirementhat the nec-

essarycentripetalforce for the circular orbit shouldbe provided by the

gravitationalforce,

muv _ C;TYLEZ’ITL7 (3)
T T
sothat )
K=m?= GmEm. 4)
2 r2
Thedesiredratio thusis
Gmem

G
AU TR -

r

e T —9_ _2=2
wherewe have usedthatr = Ry + h. Obviously, onemay neglect AU
for low altitudeorbits (h < Rg), while K canbeneglectedin the opposite
case(h > Rg).

(b) We areonly deriving an estimate not an exactexpressionsowe may as-
sumef = 90° andestimatethefield strengthin thedipolefield by

oM
B(r) = . 6
() =1 ©)
This givesusamagnetigpressure
1 ,LL()M2
= _~ B2 = 7
be 210 3272r6 0

to balancethe solarwind momentunflux

Dv = Tnionnv2 » (8)



(©

wheremion = 0.75mu + 0.25 mye ~ 1.75m,, is thetypical ion massin
the solarwind, andn andv aredefinedin the problemtext. We thusgeta

typical size
2 1/6
po (tM 9)
32m2mnu?

of our artificial magnetosphere.The force provided by the solar wind
shouldthenbe ontheorderof

v 1/3 V2 1/3
Fiyail ~ 7pyT? = mnmionv? ( oM ) / = (—ﬂ'ﬂo meonn2v4> /
sal v - 100 —_— .

32m2m;onnu? 32
(10)
Thesolargravitation forceis
MMgyn
F, =G R; (11)

wheremg,, = 2-10%° kgis thesolarmassandR = 150-10% km themean
distanceto the sun,sobalancingtheforcesfinally gives

4 2G3m3, _m3
M ~ sun 12
Mionnv? R? o (12)

which atinput of numbergrovidesuswith thevalue
M ~ 102 Am? (13)

(which is anenormousralue, correspondindo a currentof 1 GA flowing
througha 1000-loop-coilof areal m?).

This resultis not very important,asa spacecraftaunchedrom the Earth
automaticallygetsthe Earth’s orbital speedaroundthe sun,andthusstarts
from aclose-to-circulaorbit. Any smalloutwardforce,actingunderalong

time, canbe usedfor acquiringspeediowardsthe outer partsof the solar
system.lt is notnecessaryo have Fy,; > Fj, sothehugevaluepredicted
in (b) doesnot meanthatthe methodis unfeasible(in reality, oneis also
consideringo furtherinflatetheartificial magnetospherey usingaplasma
gun).



