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Solutions

1. Herefollowsasetof qualitativequestions,eachof which shouldbeansweredin
perhaps5–15linesof text, possiblyanequationor two andmaybeafigure.

(a) Whatis gyromotion?(1 p)

(b) Whatis thesolarwind? (1 p)

(c) The solarwind plasmahasa temperatureof typically 10 eV, i.e. around
100000

�
C – sowhy doesn’t aninterplanetaryspacecraftimmediatelymelt

or burn to ashes?(1 p)

(d) Whatis themeaningof theconcept”frozen-inmagneticfield”, andin what
circumstancesis it appliccable?(1 p)

(e) Draw a graphof theelectronnumberdensity ��� in theEarth’s ionosphere
asa functionof altitude

�
from groundlevel up to thetopsideionosphere.

Explain why � ��� ��� looks like you have drawn. (The absolutenumerical
valuesof � � arenot so important,but you shouldhave reasonablevalues
on the

�
axis.) (2 p)

(f) Whichof thefollowing bodiescanbeexpectedto haveanionosphere:

i. Venus
ii. theMoon
iii. theMilk y Way galaxy
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iv. the Wind satellite(orbiting the Earth well outsideEarth’s magneto-
sphere)

Motivateyour answerin eachcase.It is theway you think andreasonthat
is important– a well motivatedbut wronganswermaybeaccepted,while
a short”yes” or ”no” answercertainlywill not. (2 p)

(g) Draw a large (useaseparatepaper)andclear sketchof theEarth’smagne-
tosphere,indicating:

i. Representativegeomagneticfield lines,with direction
ii. Representativesolarwind flow lines,with direction
iii. Thebow shock
iv. Themagnetopause
v. TheVanAllen radiationbelts

(2 p)

Solution:

2. The Clusterspacecrafthave recentlydetectedelectronswith energiesbetween
100eV and1 keV just insidethefrontlobemagnetopauseof Earthat a distance
of about12 Earthradii from Earth’s center. Theelectronswereobservedwhen
thespacecraftwereabout	�
 � abovethe(magnetic)equatorialplane( �����
 � ).

(a) Adoptadipolefield approximationandcalculatethemagneticfield strength
at theClusterlocation. Themagneticfield strengthat thesurfaceof Earth
neartheequatoris about	�
�� T. (1 p)

(b) Theelectronsarefoundonly for pitch angleswithin ����
 � aroundthege-
omagneticfield directionandarecounterstreaming(i.e. streamingin both
directionswith respectto the geomagneticfield direction). At whatmag-
netic field strengthswill theseelectronsmirror? At what altitudesabove
theEarthsurfacedoesthemirroring take place?Theradiusof theEarthis
6370km. (3 p)

Solution:

3. Considerthe following model of the magneticfield in the centralpart of the
geomagnetictail:� ��� �  �� ���� "!�#$ %'&)( ��* "!"#$,+.-0/214351768 - 6 % ��*:9 & 9;* "!�#$ %'&)< *
where  ! �� nT, * >=�
�
�
 km andthecoordinatesaredefinedasin Figure1.
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Figure1: Idealizedgeometryof therelevantpartof thegeomagnetictail.

(a) Calculatethecurrentdensity? �@� � andthemagneticforcedensity? �@� �BA � ��� �
(magnitudesanddirectionsasfunctionsof position). Also calculatetheir
numericalvaluesat & C
 . (3 p)

(b) Now considerwhat happensif an instability appearsin the region ��* (DE( * , � �4
 * (GFH( �4
 * , ��* (I&C( * so that the resistivity in this
region includesdrastically. Insteadof flowing throughthis region asbe-
fore, thecurrentnow insteadclosesthroughfield alignedcurrentsandthe
ionosphere.How strong(in unitsof amp̀eres)will thesefield-alignedcur-
rentsbe?Is thisexamplerelevantfor any phenomenonin Earth’smagneto-
sphere?(3 p)

Solution:

(a) Ampère’s law gives ?J �� !�K A �ML
(1)

In theconstantfield in theregions N & N < * this obviously is zero,while for
theregion N & N ( * we get?J �� ! OOOOOO P$ PQ PRSS4T SS�U SS 1 "! +V-W/X14351768 - 6 
 
 OOOOOO  	  !=Y� !4* + � * 8 � & 8 � PQ (2)

and? A �  OOOOOOO P$ PQ PR
 +VZ�[0\]-W/W3^1V/X_8V` [X- 6 
 ! +V-W/a14351768 - 6 
 

OOOOOOO  � 	  8!b � !4*dc � * 8 � & 8 � & � 	 * 8 � & 8 � PR L

(3)
Numerically, we get? � De%aF^% 
 �  	  !=Y� ! * PQ  	gf��hf���
 3^i=jf b�k fY�4
 35l f4=�
�
�
jfY��
 + PQemgnpo 8"q 
 L � PQsrtmgnpo 8 %

(4)
while thefactor & appearingin theright handsideof (3) obviouslyensures
that ? � Du%XF^% 
 �BA � � De%aF^% 
 � C
 L (5)
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(b) The field alignedcurrentswill carry all the current that initially flowed
throughtheregion considered.As thecurrentflow wasin the F direction,
thetotal currentis givenbyv  w -3�- w -3^-^x � De%aF^%X& �.y D y & �= * w -3�- 	  "!=Y� ! * + � * 8 � & 8 �.y &  	  !� ! * 8{z * 8 & � & + n 	�| - 3^-  	  !� ! * 8 f b * +	  b *2 !� ! (6)

(Thereis a simplerway to get this – thesurfacecurrent,in unitsof A/m2,
betweentwo regionsof differentbutparallelmagneticfieldsis }~��  n � ! ,
so in this casewherethe magneticfield changesfrom  "! P$ to �� "! P$ we
have }~>=  "! np��� ! ; multiplying by theinterval in D , thatis = * , resultsinv �= * }� b *d J! n � ! asabove.)
Numerically, we getv  b f4=�
�
�
jfY��
 + f���f��4
 35ib�k fY�4
 35l m q �"� m L (7)

4. Each of the four Cluster spacecraft,orbiting the Earth with apogeeclose to
20 Earthradii, is approximatelya cylinder of radius1.5m andheight1 m, with
the symmetryaxis perpendicularto the directionof the sun. The mantleareas
arecoveredwith solarpanels,while the top andbottomsidesaremainly cov-
eredwith a thermalblanket. Estimatetheequilibriumtemperature(in

�
C) of the

satellites,assumingperfectthermalconductivity within thespacecraftandusing
datafrom Table1. Also assumeall onboardelectricalsystemsareturnedoff. (3
p)

Absorption Emission
coefficient coefficient

Solarpanels 0.80 0.90
Thermalblanket 0.20 0.90

Table1: Somethermalmaterialproperties.

Solution:

Thespacecrafttemperaturewill bedeterminedby thebalancebetweenabsorbed
sunlight radiationpower �e� andemittedthermalradiationpower � � . The ab-
sorbedpower is �e�J����4� v ! (1)

where
v ! �� L b kW/m

8
is thesolarradiationintensity, � is theabsorbtioncoef-

ficient,and ��� is theabsorbtionarea.We cannotethatonly thesolarpanelsare
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exposedto thesunlight,asthetopandbottomsidesdonotseeany sunlightdueto
thesatellitesymmetryaxisbeingperpendicularto thesolardirection. Fromthe
sun,thesatelliteslookslike rectangleswith height

� �� m andsides=���>	 m,
all of which arecoveredwith solarpanels,sothat� � �=�� �u� (2)

thus �e�j�=�� � �u���V� �X�@���V� � � v ! L (3)

Fromthe table,we seethatall surfaceshave thesameemissioncoefficient ��
 L � 
 . Nothingelseis given,sowe thusassumethatthetotalemissionareais the
sumof themantle,top andbottomareas,i.e.� � �= k � �s� k � 8 � k � 8 �= k � � � ����� % (4)

sothat � � >� � �7�^���"�= k � � � ����� �7�^��� L (5)

Balancingabsorbedandemittedpower, we get�C~� v !� =�� �= k � � � ���5� �e���X� �V�����V� � �� �j�X  � ¡� v !� �k � � ����� �u�@�X� �V�����V� � �� �j�a  � % (6)

which on insertionof numericalvaluesyields�C�� � L b fY��
 +¢ L �d£JfY��
 3^¤ f �k � � L ¢ � � � f 
 L ¥
 L � � �X  ��¦ �=Y	�
 ¦  � b 	 �4§ L (7)

Note: In reality the thermalblankets stopsmost of the emission,so that the
effectiveemissiveareais = k � � : theequilibriumtemperaturethusbecomes��� � C,
which is furtherincreasedby all electricaldevicesonboard.

5. (a) When launchinga spacecraftinto circular orbit at altitude
�

above the
ground, the rocket must do work to increasethe gravitational potential
energy by someamount �:¨ aswell as to acquirethe kinetic energy }
correspondingto this orbit. Derive an expressionfor the ratio �:¨ n } as
a functionof

�
. In what circumstancescanoneneglecteither �:¨ or } ?

(3 p)

(b) Providing a spacecraftwith a magnetosphereof its own, by usingan on-
boardelectromagnet(possiblysuperconducting),is asuggestedmethodfor
solarwind sailing. Estimatethedipolemoment(in unitsof A fm8 ) needed
to providea forcebalancingthesolargravitation at Earthorbit for a 20 kg
microsatellite. Typical parametersfor the solarwind canbe taken to be���  ¢ cm35+ and ©) b 
�
 km/s. (3 p)
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(c) Is theresultin (b) importantin practice?Is it necessarythat ª ���X« � < ªu¬ if
onewantsto usethis techniqueto travel outwardthroughthesolarsystem?
Explainyouranswer. (1 p)

Solution:

(a) The gravitational potentialenergy of a spacecraftof mass � orbiting a
planetof mass�� atdistance� is¨® ��¯ ��^�� �±°W² r�³µ´7¶Yrd´�% (1)

sotheextrapotentialenergy increaseis�:¨® ¯ ��^� � �·  � ���� L (2)

The orbital kinetic energy is obtainedfrom the requirementthat the nec-
essarycentripetalforce for the circular orbit shouldbe provided by the
gravitationalforce, � © 8�  ¯ �M5�� 8 % (3)

sothat }~ �= � © 8  ¯ ��^�� 8 L
(4)

Thedesiredratio thusis�:¨} ¹¸uº�»�º¼ » � ¸uº�»�º½¸uº�»�º8 ½ �= �·  � =��= � n ·  (5)

wherewe have usedthat �¾ ·  ��� . Obviously, onemay neglect �:¨
for low altitudeorbits(

�À¿ ·  ), while } canbeneglectedin theopposite
case(

�ÀÁ ·  � .
(b) We areonly deriving anestimate,not anexactexpression,sowe mayas-

sume�� � 
 � andestimatethefield strengthin thedipolefield by � � �  � !�Âb�k � + L (6)

ThisgivesusamagneticpressureÃtÄ  �=�� !  8  � !pÂ 8	d= k 8 � c (7)

to balancethesolarwind momentumfluxÃtÅ  � « �V� � © 8 % (8)
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where � « �X� �
 L £ ¢ �MÆ � 
 L = ¢ ��Æ � q � L £ ¢ � � is thetypical ion massin
thesolarwind, and � and © aredefinedin theproblemtext. We thusgeta
typical size �� � � !�Â 8	�= k 8 �M� © 8 � �a  c (9)

of our artificial magnetosphere.The force provided by the solar wind
shouldthenbeon theorderofª ���X« ��Ç k ÃÈÅ � 8  k ��� « �V� © 8 � � ! Â 8	d= k 8 � « �X� � © 8 � �a  + ~� k � ! Â 8 � 8« �V� � 8 © �	d= � �a  + L

(10)
Thesolargravitation forceis ª ¬  ¯ ��� �@É��· 8 (11)

where� ��É�� �=Êf7��
 + ! kg is thesolarmassand
· �� ¢ 
ËfV��
 c km themean

distanceto thesun,sobalancingtheforcesfinally givesÂ Ç b� « �X� � © 8 · +eÌ = ¯ + � +��É�� � +k � ! (12)

which at input of numbersprovidesuswith thevalueÂ Ç ��
 � 8 m�o 8 (13)

(which is anenormousvalue,correspondingto a currentof 1 GA flowing
througha 1000-loop-coilof area1 m

8
).

(c) This result is not very important,asa spacecraftlaunchedfrom the Earth
automaticallygetstheEarth’sorbital speedaroundthesun,andthusstarts
from aclose-to-circularorbit. Any smalloutwardforce,actingunderalong
time, canbe usedfor acquiringspeedtowardsthe outerpartsof the solar
system.It is not necessaryto have ª ���V« � < ªe¬ , sothehugevaluepredicted
in (b) doesnot meanthat the methodis unfeasible(in reality, oneis also
consideringto furtherinflatetheartificial magnetosphereby usingaplasma
gun).
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