Solution to Exam in Antenna Theory

Time: 18 March 2010, at 8.00-13.00.
Location: Polacksbacken, Skrivsal

You may bring: Laboratory reports, pocket calculator, English dictionary, Rade-
Westergren: “Beta”,
Nordling-Osterman: “Physics Handbook”, or comparable handbooks.

Six problems, maximum five points each, for a total maximum of 30 points.

1.

a) If the complex electric field is denotédr), find the corresponding instantaneous (time-
dependent) electric fieléi(r,t). (1p)

b) The array factor of &l-element uniform array can be written
H N
sin(
AF = — (fw)
sin(3y)

wherey = kdcosO +  is the progressive (total) phase shift. Specify the cooulitor 3
for a

)

i) broadside array; i) end-fire-array; iii) phased (or swag) array. (2p)

c) A half-wavelength dipole has the input impedari@8+ j42.5) Q. What is the input
impedance of a quarter-wavelength monopole placed direttbve an infinite perfect
electric conductor? (1p)

d) A foldedhalf-wavelength dipole has an input resistance of apprateéig
i) 50 Q; i) 75 Q; iii) 150 Q; iv) 300Q; v) 600Q (1p)

Solution

a) £(r,t) = Re{E(r)el“t}

b) i) Broadside arrayyy = kdcos90+B8=0 = =0

B
WY =kdcosO+B=0 = f[=-kd
Y =kdcos180+p3=0 = L=kd
iii) Phased (or scanning) arrays = kdcosGy+3=0 = [ = —kdcosH,

i) End-fire array:{

C) Zmonopole= :—zlzdipole = (3654 j21.25 Q

d) Impedance of a folded half-wavelength dipole: iv) 800



2. Consider a very thin finite length dipole of lendtlwhich is symmetrically positioned about
the origin with its length directed along tzexis according to the figure. In the far-field region
the condition that the maximum phase error should be lessrt/i@ defines the inner boundary
of that region to be = 212/A. Forr < 21%/A, we are in the radiating near-field region and
the far-field approximation is not valid. By allowing a maxim phase error of less thary8,
show that the inner boundary of this region ig at 0.62,/13/A.

Hint: The vector potential is given by

o o kR
A=t 1oy 2) 5

ExpandR, where the higher order terms become more important as stende to the antenna
decreases. Note thet=ZZ

d’.

Solution

Apply the theorem of cosine to the triangle in the figure:

2
R=r24+7?-2rZcosh or R:r\/l—2§0059+<§> 1)
Expand the square root using
X X2 X3 7 7 2
1+X:1+§_§+1_6+0(X4) where x:—27c036+<?> (2)
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2 r r 8 r r
7 2\2)° 2%
—2?cose+<?> +0 <—>] 3)
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In the far-field region, the two first terms are used as thea@pration forR and the third term
is the error. In this case, we consider the radiating nelt+fegion and we have to approximate
R with the three first terms

1/2% .

Rzr—z’cose+F 7sm26 7)
and the error is given by the fourth term

1/23 :

= <7 cosf sin? 9) (8)
The maximum error is found when

0 [1 /28 : Al 5

56 L—z <?c0363|n29>} = 57 Sin6(—sin 6+2co$0) =0 9)

We note thaB = 0 or 180 give no maximum because they make the fourth term equal to zer
So, we must have the maximum error for

6 = arctar{+V/2) (10)

The maximum phase erret g, which gives

3 21 1 2 m3

17
K —1/2, =arctari+v2) Tr_zﬁﬁ N 12/3Ar2

. I
- < —
25 cosé)smzé)‘z <3 (12)

We solve forr and obtain

3
rzDﬁAﬂ; (12)

which shows that the inner boundary of the radiating neéd-feggion is

|3
r:OﬁA/; (13)
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3. An infinitesimal horizontal electric dipole of lengttand constant electric currelis placed
parallel to they axis a heighti= A /2 above an infinite electric ground plane.

a) Find the sphericdt- andH-field components radiated by the dipole in the far-zone.
b) Find the angles of all the nulls of the total field.

Solution
! e
; 8 a) Introduce a new set of spherical coordingteg, ),
where(J is given in the figure ang = f x (.
| — '
6

r2

Kl _;
1o _ s OV —ijkr1 o
Ey0= m4mle sing @ (1)

| Kol
by 20— i 0% —jkra g
A €5 = in g2 e Mesing g @

2
NN Sty — 1= oo~ I
| o :W 3)

Theorem of cosine:
r2 =r24+nh?—2rhcosf r3 =r2+nh?—2rhcogm—0)
r=r 1—2?00594—(?)2 ro=r 1+2?cos€+(?)2, butv/I+x~ %

4)
ri=r|1-"cosf+3 (?)2] rp=r|1+"cosf + 3 (?)2} . but ()2 < b
ri ~r—hcoso r, ~r-+hcos@
Far-field approximation:
ri ~r—hcos@
ri ~r+hcosf } for phases ®)
rMarr for amplitudes (6)

Kol . .
_FEl 28 0! —jkr o 2 jkhcosf _ —jkhcosf _ _
E=E,0+E;0 ing-e \/1—sir? @sin (p{e e ] = [kh= ]
— jn%e*jkr\/l—sinzesinz(p[2jsin(ncos@)] $, 0<6<m?2 7)

—_—

EF AF

1, Kol 4r . : . N
H= Er xE= 12 © Kry/1—sir? @sir? @ [2] sin(rtcosh)] X, 0<B6<m2
8

b) Nulls of the AF:

AF = 2jsin(rmrcosf) =0 9
= 11Cc0sO = N, n=0,+1+2 ... (20)
= co0sf =n, n=-10,1 (12)



n=-1: cosff=-1 = 6=180>90° = notanull
n=0: cosf =0 = 0=90
n=1: cosf =1 = 6=0

Nulls of the EF:

1—sirf@sif =0
= sinffsirfp=1
= sin6=+1 simultaneous with sip=+1
= 0=90 simultaneous with ¢ =90’

6 =90 is already a null for the AF, so the EF does not introduce amymdls.

Nulls of the total field for6@ = 0° and 90, regardsless of value qf.

(12)

(13)
(14)
(15)
(16)



4. A four-element uniform array has its elements placed@lbe z axis with distanced = A /2
between them according to the figure below.

a) Derive the array factor and show that it can be writte ss|m(421>pz))’ where y is the

progressive phase shift between the elements.

b) In order to obtain maximum radiation along the directn- 0°, where6 is measured
from the positivez axis, determine the progressive phase shift

¢) Find all the nulls of the array factor.
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a) E~ =~ AF 1
) n; ;- . 1)

Far-field approximation for phases:

d r 3
| / ri=r+—-dcosf 2)
 — 2

1
d rp=r+ Edcose (3)
1
Y —r_=
— r3=r 2d cos6O 4
3
d rg=r— Ed cosO (5)
r and for amplitudes:
AV A AV A (6)
AF — efjg(kdcoséuﬁ) + efj%(kdcoseJrB) + ej%(kdcoseJrB) + ejg(kdcoseJrB) @)
— [y =kpcosd + B] = e 12¥ g i2¥ | g2V | gi2¥ (8)
:e*J:’zslP(l_'_er_Felzw_{_eJ&aU) (9)

Use the expression for a geometric series or foAReY — AF, where AFe¥ =
e isw (el¥ + 2V 1 i3 | gid¥),

AFe¥ —AF —e 13V (e 1) (10)
or

AF (¥ —1) —e 13% (e _ 1) (11)



Solving for theAF gives

AF:e—i%weJ_W_lze_j%we.J v (gl Y _g J ¢ _ o iiugide SINY 12)
s R e snly
sin
_ Sy Q.ED. 13
sinzy

b) For maximum alon@ = 0° all sources must be in phases., /(6 =0°) =0:

Y = (kdcost +B)|g—c,d=r/2 =0 (14)
2)\—7T%COSG—|—B:O = B=-m (15)
= Y =rm(cosb —1) (16)

c) NulloftheAF = AF= % =0 = sin2y=0 and sin%#0
First we investigate the nominator:

sin2r(cosf —1)] = 0 17)
= 2mn(cosf —1) = nm, n=0,+1,... (18)
= cosf—1= g (29)
2 =
= cosf = 1+g = Tn, n=-4 -3 -2, -1,0 (20)
Then we insert the values afand obtain the anglé and simultaneously check the de-
nominator:
n=-4 = cosh=-1 = 6=180 = sin[F(cosb—1)] =0 = Notanull!
n=-3 = cosh=-1/2 = 6=120 = sin|[F(cosf—1)] #£0 OK!
n=-2 = cosf=0 = 6=90 = sin[J(cosb—1)] #0 OK!
n=-1 = cos#=1/2 = 6=60 = sin[J(cosf—1)] £0 OK!
n=-0 = cosf=1 = 6=0° = sin[J(cosb—-1)] =0 = Notanull
(21)

Nulls for 8 = 60°, 9%, 120°



5. Two identical constant current loops with radauare placed a distanakapart according to
the figure below. Determine the smallest radiend the smallest separatidrso that nulls are
formed in the direction® = 0°, 60°, 9C°, 120, and 180, wheref is the angle measured from
the positivez axis.

Study the element factd®F) and the array factorAF) separately.

Solution

EF: The electric field from a constant current loop is

kalg . :
Eo=n %e"kr‘ll(kasme) 1)
The Bessel functiod; (kasin@) has zeros fokasing = 0, 38317...
kasin@ =0 = 6=0" or 6=180 (2)
38317 3.8317A
8= ksing ~ 2msing @)
Since the elements are fed with equal phases (and ampljfude#&F must have a max-
imum in the broadside directiof = 90° and not a null. Therefore, the null fé& = 90°
must come from th&F, so
a_ 3.8317
- 2msin90

AF We must chooséd so thatAF (6 = 60° = AF(6 = 120°) =0

kasinf = 3.8317

0.61A 4)

Far-field approximation:

d
ri=r—5cosf
o= é oS0 } for phases (5)
rMrp~r for amplitudes (6)
AF = glk2c0s 4 ik cos6 _ 2cos<% cos@> 7)
AF(6=60")=0 = cos(%cosGO) :cos<§> =0 (8)
md m
= 5_(2n+1)§, n=0,+1+2 ... 9)
= d=(2n+1)A, n=0+1+4+2 ... (20)



Choosed = A as the smallest distance.

AF = 2005(2)\—7T % cos@) = 2cogrcosh) (11)

We have to check the zero @t= 120°:
AF(6 =120°) = 2cogmcos 120) = Zcos(—g) =0 OK! (12)

For zeros alon@ = 0°, 6 = 60°, 6 = 90°, 6 = 120°, and@ = 180°, we choose the radius
of the loops to be = 0.61A and the spacing between the loopslas A.



6. Design a linear array of isotropic elements placed altweg taxis such that the nulls of the
array factor occur af = 60°, 8 = 90°, and6 = 120°. Assume that the elements are spaced a
distanced = A /4 apart and thg8 = 45°.

a) Sketch and label the visible region on the unit circle.
b) Find the required number of elements.
c) Determine the excitation coefficients.

N .

Hint: The array factor of amN-element linear array is given b&F = Z a, @™ DY where
n=1

¥ = kdcos@ + . Use the representatian= &V¥.

Solution

a) The visible region:

N N
AF = Z a,el (DY — Z aZ =g +apz+---+anzV !
n=1 n=1

=(z-z)(z—2)---- (z—2zn-1) )

~kdcost+ B = 2 coso— T M(5cosh— 1 2

= kdcos +B—T§cos _Z_Z( cosf — 1) )
m

6=0 = w:Z(S—l):rr 3)
m m

6=90 = Y=20-1)=-7 4
m 3

z=e¥ = |zZ=1 = unitcircle (6)

When6 varies from 0 to 180, y varies fromrmto —371/2

y=-3 6=180

Visible region
(the whole unit circle and
and additional quarter)

Yy=moe=0

=T 6=90
b) Nulls:
O =0 = Y= = z=e¥_eT=_1 7)
T . . 1
% Yo=—7 2 Z5(1-1) ®
3 . P
6; =180 = (‘[13:—77-[ = 23:e1‘-"3:e*137 =j 9)



AF = (z—21)(z— 2)(2— 23) = a1 + @pz+ @32 + auZ (10)
= 4 elementsa;,ay,a3,a4) are needed (12)

c) Excitation coefficients:

(z—27)(z—2)(z2—23)=...

=Z-Z(a+tn+n)+2(an+ 5+ 52) 2127 (12)
—
—ag a a
= —-1273= (1)1(1 ')'—1(l+') (13)
| = —82p73 = —(— ﬁ —JJ_E J

azzzlzz+2223+2321=(—1)%(1—j)+%(1—j)j+j(—l):j(\fZ—l)
(14)
=—(an+z+2z)=— —1+i—'i+' = 1—i (1-17) (15)
as—1 (16)
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