Solution to Exam in Antenna Theory
Time: 17 March 2009, at 8.00-13.00.
Location: Gimogatan 4, Sal 2

You may bring: Laboratory reports, pocket calculator, English dictionary, Rade-Westergren: “Beta”,
Nordling-Osterman: “Physics Handbook”, or comparable handbooks.

Six problems, maximum five points each, for a total maximum of 30 points.

1. Consider an infinitesimal electric dipole of lendgithlaced symmetically at the origin. Assume
that the current in the dipole is constant and givehdog ) = Zlo. Find the electric and magnetic
field components radiated by the dipolealh space.

Hint: The vector potentia is given by

jKR
/| xyze—dv

whereR is the distance from any point on the source to the observatiint.

Solution

Infinitesimal dipole:

le=2lo 1)
R=r—r’ (2)
r'=(X,y,Z) =0 (forinfinitesimal dipole) (3)
R =r for phase and amplitude 4

The vector potential becomes

Hloe 112 () oMol g

A=2— s ®)
Change to spherical coordinates; T cosf — fsin6
A= Zl—norle*jkr(fcose — Bsing) (6)
The magnetic field
H= %DXA:%{f-O+é-O+(br [; (rAg) — gAB’]}
= fﬁ% [% (—il—ge”“siw) ;9 (ﬂejkr cos@>:
= (ﬁ% [%e‘”‘rjksmGJr ZISrI e Jkrsme}




The electric field
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We have found the fields valid in all space from an infinitesidipole:
s kl()l . 1 7jkl'
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o =17 [1 jkr (kr)Z} © (12)



2. The normalized far-zone field pattern of an antenna isngbye

£ \/sinBsifp 0<O6<m 0<@<Tm

0 elsewhere
Find the directivity using

a) the exact expression;
b) the most appropriate approximative formula.

c) Explain why your chosen approximative formula gives thbsttvalue. When should the
other approximative formula be prefered?

Solution
. o . . . 0o<o6<m
a) Normalised radiation intensity U = sin@ sir? ¢ O<p<n
This is a directive radiation pattern.
4nJ
Do = Pimax (1)
rad
» T 7 T T 7'[2
Prog = /UdQ :/ / sinz(psinzeded(p:/ sinz(pd(p/ si?6de = - (2)
0 JO 0 0
Umax: 1 (3)
ami 16

b) The pattern is not very directive. Therefore, Kraus’ appnative method is more accu-
rate than Tai-Pereira’s method. We use Kraus’ method:

Am ©y = HPBW

Do = 5
= 010 2 = HPBW, ®)
Find HPBWj by setting® = @nax= 11/2 and U (8, ¢=1v2)=sinB
solving for half the max. radiation intensity:
Unax 1 . 6, =30
> —E—sme = 8, — 150°
5 :

HPBV\é = 62 - 91 =120 = —T[ (elevatlon 0 e1 HPBWg e2 T

3  plane)

U (6=172, @)=sirtQ
Find HPBW, by settingf = Bmax= 1/2 and

solving for half the max. radiation intensity:

Unax 1 . @ =45
> —3-SMe = o i35
B o T (azimuthal
HPBVW = ¢ — ¢ = 90" = 2 plane)
: _ an _12 _ i ira qi _
Kraus: Do = ) - TN 3.82 (Tai-Pereira giveBDg = 3.24)

c) Kraus is best for less directive patterns as the one inrtii@dgm, while Tai-Pereira is best
for very directive patterns.

Comment: McDonald’s and Pozar’s formulae are fomnidirectionalpatterns and cannot be
used.



3. A vertical infinitesimal linear electric dipole of lengtlis placed a distande above an infinite
perfectly conducting electric ground plane.

a) Find the electric and magnetic fields radiated by the dipothe presence of the ground
plane.

b) Determine the height above the conducting plane at which the dipole must be edvat
so that nulls are formed at angl@s= 0° and 8 = 60° from the direction normal to the
conducting plane.

Solution
Klol ik
a) Ei= m e K1sing 6 (1)
k I ke
Ez—jl’] e k2 5ing 6 (2)
Far—fleld apprOX|mat|on.
ri ~r—hcos@
fy 21 + hcosd } for phases )
r~rpr for amplitudes 4)

E=Ei+E=iny Ko Ie K sing (e’khcos‘9+e‘jkhcos‘9> 6

— jn%e‘”‘rsine [2cogkhcosd)] 8, 0<6O<m/2 (5)
—_—
EE AF
1, Kol o . )
H= Er xE=j e Ksin@ [2cogkhcosh)| ¢,  0< O <m/2 (6)

b) Null at6 = 0° from EF
Nullat 6 =60 if AF(8=60°) =0 =

cogkhcos60) =0, kh= 2)\—nh, c0s60 = % (7)
mh

cos<7> =0 (8)

nih m

T_j:§+2nn, n=0,+1,... )

h:%+2n)\, n=0+1,... (20)

Smallest heighth = A (11)
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4. Three constant current circular loops of equal ragii7A /10 and equal current amplitudes and
phases are placed along thaxis with the planes ot the loops in theplane, see figure below.
The spacing between the loops is uniform and equdl+oA /2. If the loops are assumed not
to couple to each other, find the nulls of the far-field pattadiated by the loops.

Solution

Total field= EF x AF and the nulls of the array are the nulls of the element factdrthe nulls
of the array factor.

Element Factor:

kalp
Fo= g

J(X) =0 forxg =0, X; = 3.8317, X, = 7.0155 x3 = 10.1743....

e " J(kasin@) ~ Jy(kasin®) 1)

6, =0°

6, = 180 2)
6; = 60.6°

6, = 1194° 3)

. . .

Xo=0: kasmezgsmezo = sin6=0 = {
7 . .

X1 =3.8317 : €S|n6:3.8317 = sin6=0871 = {

. .
X = 7.0155 : = sin6=7.0155 = sin6=160>1 = nomorenulls (4)

Array Factor:

Far-field approximation:

r, ~r—dcos@
r3~ 1+ dcosd } for phases %)
d .
ro~r3~r for amplitudes (6)
AF = 1+ glkdcosd | g=jkdcosd _ 7 4 5 cogkdcosh) (7)
AF=0 = cogkdcosf)=—-1/2 (8)
2
kdcosG:iéTJann, n=0,+1,... kd=rr 9)
2
cosf = ié +2n, n=0 (10)
05 = 482°, O5=1318° (11)

Nulls at6 = 0°, 48.2°, 60.6°, 1194°,1318°, 18C°



5. Design a linear array of isotropic elements placed altweg taxis such that the nulls of the
array factor occur af = 0°, 60°, 90°, 120°, and 180. Assume that the elements are spaced a
distanced = A /2 apart and thg8 = 0.

a) Sketch and label the visible region on the unit circle.
b) Find the smallest possible number of required elemenigtair excitation coefficients.
c) Determine the length of the array.

Hint: The array factor of al-element linear array is given bAF = 5\ aqel"D¥, where
¥ = kdcos@ + . Use the representatian= el¥.

Solution

N N
a) AF =5 anel Y — Y and =t ezttt =(z-2) (z—zn-1)
n=1

n=1
21 A -
W = kdcoso + B:T]TE cos@ = 1rcosf Vr'ggl’(')%
_ oV — it A
z=¢e = |zZ=1 = unitcircle (6=0)
0=0 = yY=m $(6=180)
0=180 = @Y=-m
0=90¢ = Y=0
0=60" = yY=rm/2
b) Nulls:

6=0 = (=1 = z=eT=-1

6,=60 = yYp=m/2 =  p=eT?—j

6:=90 = (=0 = 23:e10_:1

0,=120 = l.IJ4:—7T/2 = Z4:e_1'"/2:_j

05=180 = (Ys=-T1 =  z=e1T=_-1=7

Becausers = z; we omitzs for the smallest number of elements
AF = (z+1)(z—-1)(z-j)(z+]) = Z-1D(ZB+1)=2-1

Identification of coefficients give only 2 required elements

a=-1
ap=a=a'=0
as=1

¢) The length of the array is the distance between elemeraad#5,.e., 4d = 2A

Comment: If we take into accounts, i.e. we countz = —1 twice, we obtain 4 elements. This
would give the same number and location of the nulls, butferdift radiation pattern, see the
figures below. The first figure is for 2 elements and the second élements.

=-1is counted wice




6. A rectangular aperture of dimensiomsndb is placed at an infinite ground plane as shown in
the figure below. The tangential field distribution over tperdure is given by

. —b/2<X <b/2
Ea=XE —a/2<7Z<a/2

Find the spherical far-zone electric and magnetic field camepts radiated by the aperture. The
spherical field components must be expressed with respeiee tcoordinate system specified
in the figure.

Hint:
c/2 sin(4c
/ eldx = ¢ (52 )
—c/2 5C
b Yy
b
a ;X
z/
Solution
A
Y . _bj2<x <b/2 n
A % a —a/2<7Z<a/2
, E=(0,Eg,Ey), Er =0
Far-zone fields: SN 2
a w ;X { H:(O,HQ,H(p), Hrzo ( )
A The equivalence principle gives the electric
conductor equivalent (infinite electric ground plane),
Z/ see the formula collection.

The equivalent current densities are

—2Ax Eq = -2y x XEg = 22Ep over the aperture
Ms - (3)
0 elsewhere
Js=0 everywhere 4)
Theorem of cosine:
RZ=r2+4r"2—2rr' cosy (5)
r’ 2 2 v X
R=r 1—2?COSLIJ+<?> = <?> < ?, 1+X%1+§ whenx < 1
r/
~ T <1—?cosw> =r—r'cosy (6)



But r'cosy =r'-f = (XX+Z2) - (XsinB cosp+ ysinB sing+ zcosB) = X sin6 cosg+ Z coso

Far-field approximationR~r — x'sinf cosp — Z cos6 for phases
Rar for amplitudes

Fr %T erjkr L )

L — / M g elk(xX sinfcosp+2 cos6) g/ 1/ ®)

Ms :;250 = 2Ey(Fcosf —BsinB) = L =(L,Lg,0) 9)
Radiated fields:

H=—jwF forf8andp, H =0 (120)

HeSfxE = FxH=Sfx(PxE)=~[f(fF-E)-E(f-f)]=—-—E] (1)
n n N~ —~ n

0 1
E=-nfxH=jwn(fxF) forBande, E, =0 (12)
We do not need to calculatg. In addition,L, =0, so
b2 a/2
Lo = —2Eosin6/ gl sinbcosg gy elkz cosd 47 (13)
—b/2 —a/2
c/2 sin(4c
Use the hint: e®dx=c (52 )
—c/2 7(:
_ sin(%?sin@ cos sin( % cosf . X sinZ
Lg = —2Epsin b k(b2- ?) a k(a2 ) — —2abEysind Sin7 st (14)
2 sinf cosg 2 cosf X Z
where
X= %’sinecosrp and Z= k—zacose (15)
g ek ~absEy i, . . sinX sinZ
~ 2 — _ 0 ke A O~
AT LgB e] o e *'sin6 < 7 (16)
The fields:
. . abeEg _y, . . sinX sinZ € k
Ho ~ — joFg ~ jw e —e M sing o2 222 = [we = ke = k—— = —
0 jowFg ~ jw o e ®sind X "7 [ws ce N r,]
~abkBy ., SINX sinZ
= me SmGTT a7)
E=jwn(fxF)=-nfxH (29)
Eg=0 (20)
o abkB ., SINX sinZ
Eq,——JWe sm@TT (21)




